Rotating Charged Cylindrical Black Holes as Particle Accelerators by Said, Jackson Levi & Adami, Kristian Zarb
Rotating Charged Cylindrical Black Holes as Particle Accelerators
Jackson Levi Said∗1 and Kristian Zarb Adami†1, 2
1Physics Department, University of Malta, Msida, MSD 2080, Malta
2Physics Department, University of Oxford, Oxford, OX1 3RH, United Kingdom
(Dated: 20th April 2011)
It has recently been pointed out that arbitrary center-of-mass energies may be obtained for particle
collisions near the horizon of an extremal Kerr black hole. We investigate this mechanism in cylin-
drical topology. In particular we consider the center-of-mass energies of a cylindrical black hole with
an extremal rotation and charge parameter. The geodesics are first derived with a rotating charged
cylindrical black hole producing the background gravitational field. Finally the center-of-mass is
determined for this background and its extremal limit is taken.
PACS numbers: 97.60.Lf, 04.70.-s
I. INTRODUCTION
It was recently suggested by Ban˜ados, Silk, and
West (BSW) in Ref.[1] that a rotating spherical
black hole acts like a particle accelerator in the
center-of-mass frame of the collision of a pair of
particles. In particular BSW found that as the
rotation parameter of the black hole in question
becomes extremal and the collision moves onto
the horizon, the energy tends to arbitrarily high
values. This could be one of the only ways in
which Planck scale physics could be probed see-
ing as no current particle accelerator design can
explore this scale of physics. However in the case
of Ref.[1] the particles must have very specific
angular momenta in order to achieve this result.
On the other hand Ref.[2, 3] point out that as-
trophysical black holes contain within them de-
viations of the extremal rotation parameter first
pointed out by Ref.[4]. Thus arbitrary center-of-
mass energies may not truly be realized in astro-
physical black holes, but this does not leave out
the possibility that mini-black holes could reach
the extremal rotation parameter.
The universal property of acceleration of parti-
cles was investigated in Ref.[5] for pairs of parti-
cles. The BSW mechanism was also generalized
for charged Kerr, or Kerr-Newman, black holes
in Ref.[6] with neutral particles giving the same
result as in Ref.[1], as was expected, however sim-
ilar limitation were found when the rotation pa-
rameter limit of Ref.[4] was considered. Lastly
the case of nonrotating black holes with charged
particles was investigated in Ref.[7], where the
same mechanism was observed for even the sim-
plest case of just radial motion.
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FIG. 1: The experimental set up is shown. A rotating
charged cylindrical black hole is considered and a pair
of neutral particles allowed to collide at various radii
away from the event horizon.
In this paper we investigate the BSW mechanism
in a wholly different type of black hole, one with
a different topology. In Ref.[1] the S2 topology
was considered, we will explore the R×S1 topol-
ogy, namely the cylindrical black hole, as shown
in Fig.(1). The anti-de Sitter rotating cylindri-
cal black hole metric from Ref.[8] is used in the
derivation. Repeated indices are to be summed
and natural units, G = 1 = c are assumed
throughout. Lastly the signature (−,+,+,+) is
taken. As in all the above referred to papers
we neglect the effects of gravitational waves and
back reaction.
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2II. CYLINDRICAL BLACK HOLES
The Geodesic Equations
The rotating charged cylindrical black hole is
derived by considering the Einstein-Hilbert ac-
tion in four dimensions with a cosmological con-
stant. By inserting a cylindrically symmetric
generic metric into this action, the metric com-
ponents are derived. The explicit metric is deter-
mined in Ref.[8], with related work to be found
in Ref.[9, 10], which found it to be given by
ds2 = −∆
(
γdt− ω
α2
dφ
)2
+ r2 (ωdt− γdφ)2
+
dr2
∆
+ α2r2dz2 (1)
where
∆ = α2r2 − b
αr
+
c2
α2r2
(2)
b = 4M
(
1− 3
2
a2α2
)
(3)
c2 = 4Q2
(
1− 32a2α2
1− 12a2α2
)
(4)
γ =
√
1− 12a2α2
1− 32a2α2
(5)
ω =
aα2√
1− 32a2α2
(6)
with
−∞ < z < +∞
0 ≤ r < +∞
0 ≤ φ < 2pi (7)
The cylindrical topology is spanned by (r, φ) for
the polar part and (z) for the axial part. Now
since anti-de Sitter spacetime is being considered,
α2 = − 13Λ results in a real α. Lastly the rotation
parameter, a, can range between the following
0 ≤ aα ≤ 1 (8)
The inverse of this metric is given by
∂2
∂s2
= − r
2γ2α4 −∆ω2
r2∆ (ω2 − α2γ2)2
∂2
∂t2
−2α
2γ
(
r2α2 −∆)ω
r2∆ (ω2 − α2γ2)2
∂
∂t
∂
∂φ
+ ∆
∂2
∂r2
+
α4
(
γ2∆− r2ω2)
r2∆ (ω2 − α2γ2)2
∂2
∂φ2
+
1
α2r2
∂2
∂z2
(9)
This will be useful when performing calculations.
Now following [11–13], we take the Lagrangian
L = 1
2
gµν x˙
µx˙ν (10)
where dots denote covariant differentiation with
respect to an affine parameter λ. One imposes
the condition
τ = m0λ (11)
where τ is the proper time as measured by the
particle and m0 is the mass of a particle in the
gravitational field. This is equivalent to imposing
the normalization condition
gµν x˙
µx˙ν = −m 20 (12)
For zero and negative values of m 20 , the La-
grangian can be used to derive geodesics for
null and spacelike geodesics, however timelike
geodesics will be considered in this paper. In or-
der to consider the Hamiltonian formularism the
following momenta are taken
pµ =
∂L
∂x˙µ
= gµν x˙
ν (13)
which gives the Hamiltonian
H = −L = −1
2
gµν x˙
µx˙ν
=
1
2
gµν (gµσx˙
σ)
(
gλν x˙
λ
)
=
1
2
gµνpµpν (14)
By associating the momentum with the first
derivative of the Hamilton-Jacobi action, S, with
respective to the corresponding coordinate, i.e.
p(xµ) = ∂S/∂x
µ, the Hamilton-Jacobi equation
for geodesics can be calculated. Starting with
the Hamilton-Jacobi equation
− ∂S
∂λ
= H =
1
2
gµν
∂S
∂xµ
∂S
∂xµ
(15)
From the symmetries of the background space-
time of a cylindrical black hole, there are two
constants of motion that must be preserved for
any geodesic, namely the energy, E, of each par-
ticle, and the angular momentum, L, of each par-
ticle, which can be related to the four-momentum
as follows
pt = −E (16)
pφ = L (17)
Furthermore since we are considering cylindrical
geometry, the axial component is taken as null.
3This does not reduce the generality of the result
because the background spacetime is not curved
by the black hole in this coordinate and for any
nonzero initial point, the black hole coordinate
system can be transformed to zero by an appro-
priate transformation.
Thus if a separable solution exists for the
Hamilton-Jacobi equation then it must be of the
form
S =
1
2
m 20 λ− Et+ Lφ+ Sr (r) (18)
Now using the inverse metric in Eq.(9), the sepa-
rable form of the Jacobi action in Eq.(18) and the
Hamilton-Jacobi equation in Eq.(15), the action
turns out to be given by
S =
1
2
m 20 λ− Et+ Lφ+
∫ r
duR (u) (19)
where
R (r) =
1
r∆ (ω2 − α2γ2)
[ (
r2γ2α4 −∆ω2)E2
−2α2γ (r2α2 −∆)ωEL
−α4 (γ2∆− r2ω2)L2
−m 20 r2∆
(
ω2 − α2γ2)2 ]1/2 (20)
Then differentiating Eq.(19) with respect to m 20 ,
E and L, we obtained in integral form the equa-
tions of motion, namely,
λ =
∫
dr
1
R (r) ∆
(21)
t =∫
dr
(
r2γ2α4 −∆ω2)E − α2γ (r2α2 −∆)ωL
R (r) ∆2r2 (ω2 − α2γ2)2
(22)
φ =∫
dr
α2γ
(
r2α2 −∆)ωE + α4 (γ2∆− r2ω2)L
R (r) ∆2r2 (ω2 − α2γ2)2
(23)
These are more conveniently expressed in differ-
ential form as
t˙ =
1
r2∆ (ω2 − α2γ2)2[(
r2γ2α4 −∆ω2)E − α2γ (r2α2 −∆)ωL]
(24)
φ˙ =
1
r2∆ (ω2 − α2γ2)2[
α2γ
(
r2α2 −∆)ωE + α4 (γ2∆− r2ω2)L]
(25)
r˙ =
1
r (ω2 − α2γ2)[ (
r2γ2α4 −∆ω2)E2 − 2α2γ (r2α2 −∆)ωEL
−α4 (γ2∆− r2ω2)L2
−m 20 r2∆
(
ω2 − α2γ2)2 ]1/2 (26)
The Cylindrical Particle Accelerator
Considering the center-of-mass frame and a pair
of particles with an associated mass parameter
of m0 and a four-velocity represented by u(m) =(
u
µ
(m)
)
, the collisional energy will be given by
Ec.m. =
(
m0u(1) +m0u(2)
)2
= 2m 20
(
1 + u(1) · u(2)
)
= 2m 20
(
1− ηabu a(1) · u b(2)
)
(27)
where the normalization condition, uµu
µ = −1
has been used. Introducing a tetrad basis e µa (x),
where Latin indices refer to inertial coordinates
and Greek indices to the coordinates in the gen-
eral coordinate system. The argument in the
tetrad refers to the spacetime coordinates under
consideration and will be suppressed in the fur-
ther analysis. The choice of the tetrad frame is
constrained by
gµνe
µ
a e
ν
b = ηab e
a
µe
µ
b = δ
a
b (28)
and must reproduce the general metric by
gµν = ηabe
a
µe
b
ν (29)
Lastly the tetrad is ultimately used to trans-
form between vanishing local frames, i.e. Lorentz
frames, and general noninertial frames. This is
achieved by means of Xa = eaµX
µ and Xµ =
e µa X
a.
4Now applying the equivalence principle to
Eq.(27)
E 2c.m. = 2m
2
0
(
1− ηabu a(1) u b(2)
)
= 2m 20
(
1− gµνe µa e νb u a(1) u b(2)
)
= 2m 20
(
1− gµν
(
e µa u
a
(1)
)(
e νb u
b
(2)
))
= 2m 20
(
1− gµνu µ(1) u ν(2)
)
(30)
The cylindrical black hole in Eq.(1) will have a
corresponding horizon when 1/grr = 0 which will
give horizons at
∆ = 0 (31)
The two particles involved in the collision will
have angular momenta L1 and L2, and energies
E1/m0 = 1 = E2/m0, for simplicity. Note that
the Ec.m. is invariant under the transformation
L1 ←→ L2
By combining Eq.(1), Eq.(24), Eq.(25) and
Eq.(26) into Eq.(30) gives
(Ec.m.)
2
2m 20
= 1 +
A
3r2α2∆
(32)
where
A = r2γ2α4 −∆ω2 − α2γ (r2α2 −∆)ω (L1 + L2)− α4 (γ2∆− r2ω2)L1L2 −√
r2γ2α4 −∆ω2 − 2α2γ (r2α2 −∆)ωL1 − α4 (γ2∆− r2ω2)L 21 − r2∆ (ω2 − α2γ2)2
×
√
r2γ2α4 −∆ω2 − 2α2γ (r2α2 −∆)ωL2 − α4 (γ2∆− r2ω2)L 22 − r2∆ (ω2 − α2γ2)2 (33)
In the extremal case where both horizons merge,
the rotation and charge parameters are con-
strained by [8]
a2α2 =
2
3
− 128
81
Q6
M4
(
1− 12a2α2
)3 (34)
For a unit mass black hole with this condition,
the event horizon is now given specifically by
αr =
1
3
√
2
(35)
The physical singularity, on the other hand, is
given by
αr = 0 (36)
This implies that r = 0 describes the horizon
since α is a nonvanishing constant. Now consid-
ering the coordinate transformation
x = r cosφ− a
(
1− a
2α2
2
)−1/2
sinφ (37)
y = r sinφ+ a
(
1− a
2α2
2
)−1/2
cosφ (38)
which represents a Kerr-Schild-like coordinate
transformation [8] leads to
x2 + y2 =
J2
M2 − J2α22
+ r2 (39)
This shows that r = 0 has internal structure,
namely that of a ring which spans the whole z
axis which is distinct from the apparent point-
like singularity given in Eq.(36).
Now the extremal collisional energy appears to
diverge for the extremal parameters, however
as in Ref.[1] this is not a true singularity since
the numerator also vanishes. Thus applying
l’Hoˆpital’s rule, the actual extremal collisional
energy is given by
(Ec.m.)
2
2m 20
= 1+
A′
2r∆ (ω2 − α2γ2)2 + r2∆′ (ω2 − α2γ2)2
(40)
where A is changed to
5A′ = 2rγ2α4 −∆′ω2 − ωα2γ (2rα2 −∆′) (L1 + L2)− α4 (γ2∆′ − 2rω2)L1L2 −
1
2
√
r2γ2α4 −∆ω2 − 2α2γω (r2α2 −∆)L2 − α4 (γ2∆− r2ω2)L 22 − r2∆ (ω2 − α2γ2)2
r2γ2α4 −∆ω2 − 2α2γω (r2α2 −∆)L1 − α4 (γ2∆− r2ω2)L 21 − r2∆ (ω2 − α2γ2)2(
2rγ2α4 −∆′ω2 − 2α2γω (2rα2 −∆′)L1 − α4 (γ2∆′ − 2rω2)L 21 − 2r∆ (ω2 − α2γ2)2 − r2∆′ (ω2 − α2γ2)2)
1
2
√
r2γ2α4 −∆ω2 − 2α2γω (r2α2 −∆)L1 − α4 (γ2∆− r2ω2)L 21 − r2∆ (ω2 − α2γ2)2
r2γ2α4 −∆ω2 − 2α2γω (r2α2 −∆)L2 − α4 (γ2∆− r2ω2)L 22 − r2∆ (ω2 − α2γ2)2(
2rγ2α4 −∆′ω2 − 2α2γω (2rα2 −∆′)L2 − α4 (γ2∆′ − 2rω2)L 22 − 2r∆ (ω2 − α2γ2)2 − r2∆′ (ω2 − α2γ2)2)
(41)
This shows that a singularity in the center-of-
mass energy is achieved on the extremal horizon
as shown in Fig.(2) for at most specific values
of angular momentum; that is Ec.m. is finite for
generic values of particle angular momentum. In
this way every finite energy value is achieved up
to the event horizon and infinite center-of-mass
energy is obtained only for some particle colli-
sions on the horizon as in Ref.[1].
Finally a critical angular momentum value is
found, namely
Lc =
1
308
253√5 +
√
55
(
855 3
√
2 + 228 22/3
)
6
√
2

(42)
The collisional energy Ec.m. is plotted in Fig.(2)
where it is shown that infinite Ec.m. is obtained
only for specific values of angular momentum as
expected. If the angular momentum of both indi-
vidual particles is greater than the critical angu-
lar momentum then they will not reach the hori-
zon at all, and conversely if they both have angu-
lar momentum below the critical value then they
will fall into the black hole with a finite center-
of-mass collisional energy.
III. CONCLUSION
In this paper we investigated the effect on the
center-of-mass frame energy by colliding two neu-
tral particles of the same mass parameter in a
rotating charged cylindrical black hole. In par-
ticular we showed how the mechanism found in
Ref.[1], which was studied in S2 topology can
be transported to an R× S1 topology. Another
interesting scenario to investigate would be the
toroidal S1 × S1 topology, which may also ex-
hibit this mechanism.
A particular property of the cylindrical black hole
1.5 2.0 2.5 3.0
r
1.1
1.2
1.3
1.4
1.5
1.6
Ec.m.
L1 = Lc, L2 = 0.83
L1 = Lc, L2 = 0.82
L1 = Lc, L2 = 0.78
FIG. 2: For a rotating cylindrical black hole with ex-
tremal rotation and charge parameters (in this case
a = 1√
3
and Q =
√
5
25/3
), the center-of-mass energy
is shown against radius all the way up to the horizon
for various angular momenta in the two particle col-
lision. The black hole mass is taken to be unity, and
α = 11
10
.
is that the background spacetime is not curved
in the axial direction for rotating solutions unlike
the spherical case which is curved in every com-
ponent. Despite this alteration in the calculation
the same result follows as is expected, namely
a critical angular momentum, Lc, is found for
extremal charge and rotation, with different val-
ues given for the angular momentum of the other
particle with only one giving arbitrarily large
center-of-mass collisional energy on the horizon
while the others do also give this facet however
at radii within the horizon. Hence the mecha-
nism in Ref.[1] is thus shown to be exhibited also
for cylindrical black holes in an analogous man-
ner.
On another note, concerning the α term, in the
units used in this paper the condition
α > 1 (43)
6must be satisfied for the arbitrary center-of-
mass collisional energy to occur at the horizon.
This property emerges by considering the explicit
forms of the Ec.m. function for different black
hole parameters.
Rotating black holes tend to produce accretion
discs about their equator; however, for cylindrical
black hole topologies there is no preferred axial
value for the equator, and so the likelihood of the
energy emission of such a collision is less likely to
have interactions with intermediate fields. Using
the current toolbox of theoretical particle accel-
erators, no current design for terrestrial acceler-
ators can produce energies as high as these. It is
for this reason that cylindrical black holes could
provide the possibility of a high energy physics
probe that could explore scales unattainable by
current terrestrial accelerators.
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